Abstract. We study a dynamical Ising-like model of agents' opinions (buy or sell) with learning, in which the coupling coefficients are re-assessed continuously in time according to how past external news (timevarying magnetic field) have explained realized market returns. By combining herding, the impact of external news and private information, we find that the stylized facts of financial markets are reproduced only when agents misattribute the success of news to predict return to herding effects, thereby providing positive feedbacks leading to the model functioning close to the Ising critical point.
Introduction
Social systems offer a fascinating field for the application of recent concepts and methods developed in Physics to tackle complex N -body systems with nonlinear feedbacks and many competing states. A long tradition started with the application of Ising models and its extensions to social interactions and organization [1] [2] [3] [4] . A large set of economic models can be mapped to various versions of the Ising model to account for social influence in individual decisions (see [5] and references therein). Other recent works using the Ising model include models of bubbles and crashes [6, 7] , a version with stochastic coupling coefficients which leads to volatility clustering and a power law distribution of returns at a single fixed time scale [8] , and models of opinion polarization [9, 10] . The dynamical updating rules of the Ising model can be shown to describe the formation of decisions of boundedly rational agents [11] or to result from optimizing agents whose utilities incorporate a social component [5] . The Ising model is one of the simplest models describing the competition between the ordering force of imitation or contagion and the disordering impact of private information or idiosyncratic noise, which leads already to the crucial concept of spontaneously symmetry breaking and phase transitions [12] .
However, human beings are not spins, they can learn, that is, adapt the nature and strength of their interactions with others, based on past experience. In the lana e-mail: dsornette@ethz.ch guage of the Ising model, this amounts to generalizing to time-dependent coupling coefficients which reflect past experience. Here, we study a generalized Ising model of interacting agents buying and selling a single financial asset who base their decisions on a combination of imitation, external news and idiosyncratic judgments. The agents modulate their tendency to imitate based on their assessment of how past news have explained market returns. We distinguish between two possible updating rules that we refer to as (i) boundedly rational and (ii) irrational. We refrain from using the strict term "rational" which has a precise meaning in economics (subjective expectations that coincide with objective ones). Instead, we call "boundedly rational" those agents who decrease their propensity to imitate if news have been good predictors of returns in the recent past, as they correctly attribute the cause of the price moves. In the irrational version, agents misattribute the recent predictive power of news to their collective action, leading to positive self-reinforcement of imitation. We show that the model can reproduce the major stylized facts of financial markets only when the updating of the imitation strength is irrational, providing a direct test and the evidence for the importance of misjudgment of agents biased toward herding. This model also offers a dynamical derivation of the multifractal properties of the structure functions of the absolute values of returns and their consequences in the characteristic power law relaxations of the volatility after bursts of endogenous versus exogenous origins [13] . In a nutshell, our model suggests that 176 The European Physical Journal B the news serve as the substrate for fostering social interactions and reinforcing herding. Technically, the stylized facts result from the fact that the model operates around a critical point of an Ising model, with coupling coefficients which are time-dependent and endowed with a memory of past realizations, such that agents organize spontaneously within clusters of similar opinions, which become very susceptible to small external influences, such as a change of news. This may explain the occurrence of crashes [14] .
Presentation of the model
Consider n 2 agents interacting within a n × n 2D square lattice network N (we have verified that the properties described below are not sensitive to n in the range 20-100 that we tested). At each time step t, agent i places a buy (s i (t) = +1) or sell (s i (t) = −1) order according to the following process
where E i [s j ](t) is the expectation formed by agent i on what will be the decision of agent j at the same time t. An agent i imitates only her friends, that is K ij = 0 if i = j or j is not a friend of (connected to) i.
Expression (1) reduces to the dynamical stochastic formulation of the Ising model, when replacing the expectation E i [s j ](t) by s j : then, the first term derives from the gradient of the Ising Hamiltonian with respect to the spin value, the second term σ i G(t) plays the role of an external magnetic field and the third term embodies the thermal fluctuations. Note that the dynamical stochastic formulation of the Ising model is equivalent for its statistical properties to the more standard form obtained from the partition function calculated with an Hamiltonian written in terms of a sum over pairs of spins of the form − i,j K ij s i s j − G i s i , where the pairs are connected according to some graph topology reflecting the physics or social nature of the problem. The stochastic dynamical definition of the Ising model is obtained by writing that a given spin is updated proportionally to the derivative of the Hamiltonian with respect to this spin. This so-called over-damped dynamics leads to our above equation (1). The use of Ising models of a similar type to describe opinion formation has a long history [15] [16] [17] [18] . The present work constitutes an extension to study non-variational dynamics by allowing non symmetric couplings evolving and adapting in time. The impact of external news that we study here is reminiscent of Sethna et al. [19] who found a transition in a random field Ising model as a function of a changing external field. Our work differs however in several ways: local spins are not pinned by local random fields and our external magnetic field is stochastic. In addition, agents (spins) evolve their coupling by adapting as a function of the past behavior of the global systems in response to the stochastic external news.
From the view point of a model of interacting investors, expression (1) embodies three contributions:
1. imitation in which K ij is the relative propensity of the trader i to be contaminated by the sentiment of her friend j; 2. the impact G(t) of external news (positive resp. negative for favorable resp. unfavorable news), which is an i.i.d. standard Gaussian noise, and σ i is the relative sensitivity of agent's sentiment to the news, uniformly distributed in the interval (0, σ max ) and frozen to represent the heterogeneity of the agents; 3. the idiosyncratic judgment i (t) associated with private information, assumed to be normally distributed around zero with an agent-dependent standard deviation s ,i equal to the sum of a common constant CV and of a uniform random variable in the interval [0, 0.1] again to capture the heterogeneity of agents.
We have tested several implementation of the formation of expectations
for all i and j's) or information cascades along specific chains within the network [20] , which give similar results. Our model makes the simplifying approximation that the agents' decisions are dominated by their interactions with other agents and with external news as well as the effect of their idiosyncratic analysis. We neglect the possible influence of the price itself on the decision making process. This assumption is convenient to simplify the analysis and makes more transparent the relation with the Ising model. Our model is thus at the opposite end to the class of agent-based models, such as the minority and majority games, which emphasize the oppositive view point that agents do not interact directly but all look at the price aggregating their decisions. While neither assumption is realistic, it is interesting to study their impact separately. The present paper offers such an attempt. At first sight, neglecting the possible influence of the price itself on the decision making process may appear unrealistic. But, this is actually the strategy adapted by socalled "value"-investors who analyze the theoretical value of a firm based on fundamental economic indicators and allocate correspondingly their portfolio basically independently of the stock market price. Indeed, in the view of value investors, the erratic variations of the instantaneous stock market price are perceived as noisy stochastic perturbations which are irrelevant to a sound medium-and long-term investment process. Our neglect of the possible influence of the price itself on the decision making process thus amounts to considering mostly a crowd of valueinvestors and to study their decision process, assuming either that they take a boundedly rational or an irrational stance with respect to external news.
The market price is updated according to p(t) = p(t − 1) exp[r(t)] where the return r(t) obeys
where λ measures the market depth or liquidity. The return is thus proportional to the "magnetization" or aggregated decisions of the agents. Note that agents do
